It follows that (x, 0) = (0, x) = 0 for all x ∈ H, and (x, x) = 0 if and only if x = 0.
An inner product space is a vector space equipped with an inner product.
From now on we will tacitly assume H is an inner product space.
Cauchy-Schwarz Inequality. |(x, y)| 2 ≤ (x, x)(y, y) for all x, y ∈ H.
Corollary. x := (x, x) 1/2 is a norm on H.
A Hilbert space is a complete inner product space.
From now on H we will tacitly assume that H is a Hilbert space.
Note that every closed subspace is also a Hilbert space. Also note that the inner product is continuous.
Corollary. Let M be a closed subspace of H, and let x ∈ H. Then there exists a unique y ∈ x + M such that y = x + M .
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Observe that A ⊥ is a closed subspace of H.
Proposition. If M is a closed subspace of H, then
Corollary. If M is a closed subspace of H, then
More generally, if A ⊂ H then A ⊥⊥ is the closed span of A. Thus, A has dense span if and only if A ⊥ = {0}.
Corollary. If M is a closed subspace of H, then there is a unique P ∈ B(H) such that
P as above is the orthogonal projection of H on M .
Thus P |M is the inclusion map M → H and ker P = M ⊥ .
Corollary. y → (·, y) is a conjugate-linear isometry of H onto H * .
Pythagorean Theorem. If {x 1 , . . . , x n } is pairwise orthogonal then
Corollary. If {x i } i∈I ⊂ H is pairwise orthogonal then i∈I x i converges in H if and only if i∈I x i 2 < ∞.
A unit vector is a vector of norm 1. An orthonormal set is a pairwise orthogonal set of unit vectors.
Bessel's Inequality.
An orthonormal basis for H is a maximal orthonormal subset of H.
Example. If X is a set, then the characteristic functions χ {x} for x ∈ X form an orthonormal basis for 2 (X).
Proposition. H has an orthonormal basis. In fact, every orthonormal subset is contained in an orthonormal basis.
Proposition. If {u i } i∈I is an orthonormal basis of H, then for all x ∈ H we have:
1. x = i∈I (x, u i )u i , and 2. (Parseval's Identity)
Corollary. If {u i } i∈I is an orthonormal subset of H, with closed span M , then the orthogonal projection of H onto M is given by
Corollary. All orthonormal bases for H have the same cardinality.
The dimension of H, written dim H, is the cardinality of any orthonormal basis of H.
Corollary. H is separable if and only if dim H = ℵ 0 .
Adjoints
Let H and K be Hilbert spaces.
Theorem. For all T ∈ B(H, K) there exists a unique T * ∈ B(K, H) such that (T x, y) = (x, T * y) for all x, ∈ H, y ∈ K.
In the above, T * is the adjoint of T .
We have:
• T → T * is a conjugate-linear;
Proposition. If T ∈ B(H, K) then ker T * = (ran T ) ⊥ and ker T = (ran T * ) ⊥ .
